Abstract. Given a singular Borel regular measure ma on R" and a Borel subset E of R", it is shown that the set of vectors x for which ma({E + x) n E) > 0 is of Lebesgue measure 0. This fact is then used to show that subsets of finite, nonzero, Hausdorff s-measure are nonmeasurable sets with respect to any approximating measure s-m¡ .
Theorem 1. Let ma be a singular, a-ftnite, Borel regular measure on R" . Let A be a Borel set with m(A) = 0 so that ma(Ac) = 0. Then m(TA(ma)) = 0, and thus, for any Borel set E, m(TE(ma)) = 0. Proof. For x £ R", define f(x) = ma(A n (A + x)) where A is the Borel set with m(A) = 0 and ma(Ac) = 0. Since A is a Borel set, so is A + x; thus, Ca(1) ' Cx(t + x) = g(x, t) is a measurable function with respect to the product measure m x ma. Furthermore, f(x) = ma({t : t £ A and t + x £ A}) = J Ca(í)Ca(í + x)dma(t) is a nonnegative measurable function. (Cf. [2, pp. 82 ff] for this fact and the generalized Fubini's theorem for product spaces used below.) To prove the theorem, it suffices to show that f(x) = 0 except on a set of Lebesgue measure 0. Since f(x) > 0, this can be obtained by showing that ¡f(x)dm(x) = 0. But
Note. The above argument is parallel to one frequently used to show that the set of all distances between points of a Lebesgue measurable set of positive measure contains an interval. A slight variation applies to any measure mb which is absolutely continuous with respect to Lebesgue measure. It shows that TE(mb) must contain an open set when mb(E) > 0. This is because a compact set F c E with 0 < mb(F) < oo gives rise to the continuous function
where g is the Radon-Nikodym derivative of mb with respect to m. But
This is because mb(F) > 0 and mb absolutely continuous with respect to m implies m(F) > 0. This argument also implies that f(x) is greater than 0 on an open set G, and thus TE(mb) contains G. By the Lebesgue decomposition theorem, this will also hold for any such measure which has a nonzero, absolutely continuous component measure.
Theorem 2. Suppose E is an s-set in R" with s < n. Then for any S > 0, E is a nonmeasurable set with respect to the measure s-m¿ . Proof. For each set X c R" , let m*a(X) = s-m*(Er\X). Then ma is a singular, Borel regular, cr-finite measure on R" , and, by Theorem 1, m(TE(ma)) = 0. Thus the complement of TE(ma) is dense and contains vectors x of arbitrarily small norm so that s-m((E + x) n E) = 0. Let {£,} satisfy for each i diam(.Zs,) < ô , E c \JE¡, and £diam(£,)s < ^s-m¿(E). We may also assume Thus, by the standard criterion for measurability, E is not measurable.
Note that the above argument could be generalized to measures determined by a nondecreasing continuous function h defined on (0, oo) with limr_>o+ h(t) = 0 where h-m*s is defined by replacing diam(£')i with h(diam(E)).
While Theorem 1 guarantees that the Lebesgue measure of TE(s-m) is zero whenever E is an 5-set, several natural questions arise as to whether the size of TE(s-m) is not considerably smaller. In particular.
(1) For j-sets E in R" with n > s (especially when s is not a whole number), what is the supremum over all E of dim(7£(.y-rn)) v/here dim(X) = inf{5 : s-m(X) = 0} ? (2) If E is an 5-set in R" where s is not a whole number, is it possible that E + E = {z:t = x + y,x£E,y£E} is also an 5-set?
